separable, but not necessarily normal and, by Greither and Pareigis, is H-Galoisw ith H a K-Hopf algebra form of a group ring kN where K is the normal closurẽ Ž . of Krk. H is said to be almost classical if N -Gal Krk . The result is that if r -n then there are p r Hopf Galois structures on Krk for which the associated group N is cyclic of order p n . Of these, p m inŽ r, nyr . are almost classical and the rest are non-almost classical. When r s n, there are p ny 1 H-Galois structures for which N ( C n of which only one is almost classical. Finally, we show that these p are the only structures possible. That is, for this class of extensions, N must be cyclic. ᮊ 1998 Academic Press
PRELIMINARIES

Hopf Galois Extensions
Most of the general theory about Hopf algebras and Hopf Galois w x Ž extensions can be found in 18, 4 . The notion of a Hopf Galois or . H-Galois extension is defined over commutative rings other than fields. However, in the context of this discussion, we will restrict ourselves to Hopf Galois extensions of fields, in particular separable extensions which w x are the setting of 5 and this discussion in general. Throughout, we shall assume that char k s 0 and that all unadorned tensors are over k unless otherwise indicated.
Given a field k, a finitely generated k-algebra A, and a k- Here ⌬ and ⑀ are respectively the comultiplication and counit structure maps of H. We sometimes phrase this condition by saying that H measures Ž . A to A. Condition ii is simply the statement that
where
Ž .
which is the fixed subalgebra of A under the action of H. Ž . h Ž . where ⌬ h s Ý h m h . Also, it should be noted that the definition
We call Ark an H-Galois extension if Ark is an H-module algebra
of H-Galois extension of a general commutative ring requires that the algebra be faithfully flat over the base ring. This is automatic when the base ring is a field, as it is for the extensions we are dealing with. For those extensions which are H-Galois there is a Galois type correspondence between k-sub-Hopf algebras of H and subalgebras of A containing k. Specifically, we have the following: w x THEOREM 1.1 4, Theorem 7.6 . If we define for a k-sub-Hopf algebra W of H,
then the map
is injecti¨e and inclusion re¨ersing.
The case when Fix is also surjecti¨e is of interest and will be discussed later.
A fundamental example of a Hopf Galois extension is an ordinary Ž . Galois extension. Specifically, if G s Gal Krk then Krk is a Hopf Galois extension where the Hopf algebra that acts is the group ring kG. One can verify this directly by using the fact that in the group ring, the Ž . Ž . comultiplication and counit maps are given by ⌬ g s g m g and ⑀ g s 1.
Moreover, this holds in reverse since a Hopf Galois extension where the Hopf algebra that acts is a group ring is, in fact, an ordinary Galois extension in disguise. Now this may not seem like a particularly satisfying example but it points up the fact that Hopf Galois theory is a generalization of ordinary Galois theory. Other examples of Hopf Galois extensions w x and the algebras which act can be found in references such as 4, 5, 7 .
Greither᎐Pareigis Theory
The principal tool used to describe the particular Hopf algebras and w Hopf Galois structures on Krk is Galois descent as described in 5, 10, x 15 . Given a Galois extension of fields Lrk and A a k-module, k-algebra, 
then let S s ⌫r⌬ the set of left cosets of ⌬ in ⌫ and let B s Perm S . A subgroup N F B is said to be regular if it acts transitively on S and if the stabilizer of any element is trivial. That is, the only element of N which stabilizes an element of S is the identity. By definition of the normal closure we have an embedding ⌫ : B where ⌫ acts on S by left translation. We can see this by considering this map which is given by ␥ ¬ 
Ž . Ä 4 via the action g ae s g a e where e N h g S is the canonical basis of
a e where a g K and e h s ␦ .
ow KN ( K m kN and there is an isomorphism of algebras and ⌫-sets
where the translated group action of ⌫ oñ˜S K m K is through the left tensor factor. The Galois action of KN on K is thus equivalent to a Galois actioñ˜K
where H s KN is the fixed ring under the ⌫-action. This ring is ã˜⌫ Ž . k-Hopf algebra that is a K-Hopf algebra form of kN. Also, K m K s K is the fixed field under the ⌫-action since ⌫ acts on the left tensor factor˜Ž . and ⌫ s Gal Krk . The Galois action of KN on K m K descends to an action of H on K making Krk an H-Galois extension. This is covered in w x generality in 15 where, given a full subcategory of a module based Ž . category what Pareigis calls an ''equationally defined'' subcategory , structures such as Hopf algebras and Hopf Galois extensions are preserved and Sr eflected by faithfully flat base change. That is, K rK is a Hopf GaloisŽ . extension with Hopf algebra KN over K and it descends to a Hopf Galois extension Krk with Hopf algebra H defined over k.
We will not be concerning ourselves with the actual construction of forms since our main concern is their enumeration which is done via the following theorem. 
Ž .
w x The proposition referred to in case a is Proposition 1.3 of 5 as discussed above. Also, it must be noted that if N is regular on S then < < < < w x w x N s S s ⌫ : ⌬ s K : k . We shall make frequent use of this fact in subsequent sections.
What the above theorem allows us to do is to enumerate and classify H-Galois structures by determining the regular subgroups N of B s Ž . Perm S that are normalized by ⌫ : B. Note that, unlike what occurs in ordinary Galois theory, a given extension can have several inequivalent Hopf Galois structures on it, where two H-Galois structures on Krk, corresponding to regular subgroups N and NЈ in B, are equivalent if there w x is a ⌫ isomorphism between them. In fact, as observed in 5 , one can havẽ two Hopf algebras H and HЈ acting on Krk where H is a K form of kÑ and HЈ is a K form of kNЈ which give inequivalent Hopf Galois structures, even though N and NЈ may be isomorphic as abstract groups!
Almost Classical Extensions
In the previous discussion, we did not require that a regular subgroup N : B that is normalized by ⌫ actually be contained in ⌫. When N : ⌫ there is an associated Hopf algebra which acts on Krk and this Hopf Galois extension satisfies a stronger version of Theorem 1.1. Moreover, the enumeration of these Hopf Galois structures is somewhat easier since, if we know something of the structure of ⌫, then we are reduced to w x determining the normal subgroups of ⌫ of order K : k . We begin withŽ . Ž . the same setup as before: S s ⌫r⌬, ⌫ s Gal Krk , ⌬ s Gal KrK . Ž . c ⌬ has a normal complement N in ⌫.
Ž . d There exists a regular subgroup N : B normalized by ⌫ and contained in ⌫.
A field extension Krk which satisfies the four conditions above is called an almost classical Galois extension and such an extension is Hopf Galois for a Hopf algebra with a much more explicit description vis-a-vis thè following: o p p prime power order hence abelian and so N s N. What also must be mentioned is that referring to an extension Krk as almost classically Galois does not imply that the only Hopf Galois structures which appear are those coming from the above theorem. That is, just because some of the regular subgroups N F B which are normalized by ⌫ are contained in ⌫, that does not necessarily say that all are. Hence, in the discussion to follow, we shall refer to the structure as almost classical if N arises in the above manner and non-almost classical if it doesn't. However, as we shall see, for certain classes of extensions, the only structures that arise are the almost classical ones.
Another feature of an almost classical Hopf Galois extension Krk is that for such an extension the following is true.
. If Krk is almost classically Galois, then there is a Hopf algebra H such that Krk is H-Galois and the main theorem holds in its strong form.
That is, the map Fix that appears in Theorem 1.1 is not only injective but is surjecti¨e as well. Thus, almost classical extensions are very close to ordinary Galois extensions in terms of the one to one correspondence between sub Hopf-algebras and subfields of K. However, we still have the feature of the multiplicity of Hopf Galois structures that can be imposed on an extension which does not, of course, appear in ordinary Galois theory.
PRIME POWER RADICAL EXTENSIONS
Let p be an odd prime and n a positive integer and let k be a field of Ž . that k l K s k where denotes a primitive p th root of unity.
For r -n the radical extension Krk is separable and non-normal with Ž .
where N# s is cyclic of order p , w s w, and ⌬ (
e and if r s 0 then s dp . In either case, there is an injection :
Ž .Ž .
Therefore,
½ ² : earlier remarks about regularity, we must have N s K : k s p . Our discussion will be divided into two principal cases, namely when N is cyclic versus when it is not. The cyclic case itself will be subdivided into two subcases, the almost classical versus the non-almost classical. We shall begin by examining the almost classical structures since they are simpler and since the methods we develop to handle them will be applied to the non-almost classical case. For those N arising almost classically, the statement ''⌫ normalizes N '' r becomes simply ''N e ⌫ '' and such N will have the property that N l ⌬ r Ä 4 s 1 and N⌬ s ⌫ which is the normal complement property in Proposir tion 1.3. Now if we forget about the fields for a moment and view the ⌫ 's r Ž . as abstract groups not Galois groups we can unify our approach by Ž . observing that, regardless of the value of r and d, e if r s 0 , the groups ⌫ are structurally similar. Indeed, for r G 1 we can view them as lying in a r chain like
w x where all the ⌫ 's for r G 1 are p-groups with ⌫ : ⌫ s p and the
Ž What we shall do is determine the cyclic subgroup structure of ⌫ and 1 . consequently ⌫ for r G 1 and use this to count how many cyclic N there r are which arise almost classically as well as those that don't.
Our objective in this section is to establish the group theoretic foundations necessary to prove the following: 
Ž kq 1 . the following simple result. Since ' 1 mod p then for any
. when two elements of the form , ␦ generate the same subgroup of ⌫ will also serve as a convenient normality criterion later on.
if and only if i ' i mod p where l s min n y j,
The first case is when j ) k and so l s n y j and m s n y 1 If j F k then l s n y 1 y k and , ␦ has order p .
. By considering the exponent of ␦ , we find that , ␦ s
if and only if f s bp q 1 for some b. Observe also that,
However, given a, as above, we can solve this congruence for b and for
j q 1 and, as noted above, since l s n y 1 y k then i p ' w x It should be pointed out that Miller 11 , using a different argument, determines the number of elements of a given order in ⌫ and that the 1 subgroups of order p n fall into n different conjugacy classes, which is consistent with Proposition 2.2. His approach, however, does not include Ž the above parameterization of the lattice of cyclic subgroups of ⌫ or in 1 . fact any mention of the subgroup lattice which is needed in the sequel.
ALMOST CLASSICAL AND NON-ALMOST CLASSICAL STRUCTURES
Almost Classical Structures
Ž . We now turn our attention back to the extension K s k w rk. We shall determine all possible almost classical Hopf Galois structures on this extension for r between 0 and n. The case for r s 0 can be disposed of Ž . immediately. If r s 0 then f k and so k rk is a proper extension of . A careful inspection of the definition shows that this extension can have only one almost classical Hopf Galois structure associated to it, the one where the Hopf algebra that acts is the group ring kN#. This is because Ž . K s k w rk is its own normal closure and as such the field E that appears in the definition of almost classical is the base field k itself. However, for 0 -r -n there is more than one cyclic almost classical Hopf Galois structure on Krk. In fact, the number and type of these can be determined exactly.
Any almost classical structure on Krk must correspond to a normal 
Ž . s up q 1 with u, p s 1 and so
If i and i y up units mod p are congruent mod p then by Lemma
² p ry 1 Ž py1. : We also need to determine when ␦ normalizes
, ␦ since ⌫ is generated by and ␦ .
Proof. By direct calculation,
hence if and only if n F k q r q 1 .
With these two lemmas and the earlier remark about the lattice of cyclic subgroups of ⌫ , the normal, cyclic subgroups of ⌫ of order p n which r r ² p ry 1 Ž py1. : intersect trivially with ␦ are given by the generators
, ␦ for i g U ls n y 1 y k of course such that the followp ing inequalities are satisfied: Proof. Given that k G r y 1 then r q 1 F k q 2 which implies k q Ž . Ž . r q 1 F 2 k q 2 and if n F k q r q 1 then n F 2 k q 2 follows. So we need only consider the following two remaining inequalities
y r y 1 to n y 2 and consequently for l s 1, . . . , r. If n y r -r then n y r y 1 -r y 1 F k holds for k s r y 1, . . . , n y 2 and thus for l s 1, . . . , n y r. If n s 2 s and r s s s n y r then r y 1 s s y 1 F k holds for k s r y 1, . . . , n y 2 and hence for l s 1, . . . , n y r s r. Therefore, if r < < r l r F n y r then there are Ý U s p y 1 normal subgroups
Hence we have an exact count of the number of cyclic almost classical Ž . 
Non-almost Classical Cyclic Structures
In the last section we determined the number of cyclic almost classical structures on Krk. However, there is still the issue of non-almost classical structures. Here we shall determine all possible Hopf-Galois structures on Krk which are forms of C n . Again the value of r, 0 F r F n, will be p important and in fact it shall be shown that for certain values of r, all the cyclic forms are almost classical while for other values of r there arise non-almost classical cyclic forms and in all cases the precise number of both types shall be determined.
To begin with, we need to examine N# F B in more generality and the role of the holomorph of C n in the enumeration of the cyclic Hopf Ž . -Hol N . Since we assume N# ( N, then the results of Section 2 will dictate not only how many such cyclic subgroups there are but which give rise to almost classical structures and which do not.
We shall approach this enumeration from a slightly more general point of view by looking at the collection of all cyclic subgroups of B.
The structural results such as Proposition 2.2 and Theorem 3.3 apply to any cyclic group of order p n , in particular to any N g C C. Furthermore, as observed earlier, for N cyclic of order p n , the lattice of cyclic subgroups of Ž .
Ž . Hol N is obtained from that of Hol N by simply removing those 
² : LEMMA 3.5. Let N , N g C C where N s , N s , and A consequence of this is that for r F n y r, all cyclic forms which act arise almost classically. For r ) n y r, there are other N g C C such that
Hol N# F Hol N but N e u Hol N# . To show this we observe that r ␤ ␤ r since all p n cycles in B are conjugate then the same is true for all N g C C. Now it would seem that finding non-almost classical N 's in C C would take ␣ us outside the structure theory developed up to now; but this is not the case. We use the following fact to ''reflect'' the problem back into the realm of what has already been developed. Specifically, LEMMA 3.6. If N g C C and ␤ g B then for any r, 0 F r F n, and since N# g C C then so is ␤ y1 N# ␤. Now, every element of C C may be Ž represented as a conjugate of N# including all those contained in Ž .. Hol N# and so to count the number of subgroups in C C normalized 1 Ž . by Hol N# , is equivalent to determining which N g C C are such Ž . Lemmas 3.2 and 3.5 2 , we must have k G n y 1 y r, that is, n y 1 y r F As a consequence, we know how many cyclic Hopf algebra forms there are which act on the extension Krk, for 0 F r F n, to make it Hopf Galois. Specifically, for r -n there are p r cyclic Hopf algebra forms that m i nŽ r, nyr . Ž act, of which p are almost classical. When r s n in which case .
ny 1 the extension is Galois in the usual sense there are p cyclic forms which act, of which only one is almost classical.
NON-CYCLIC FORMS
Now that we have determined the cyclic Hopf algebra forms which act on the radical extension Krk, it is natural to ask the following question: Are there any Hopf algebra forms which act on Krk which are not cyclic? That is, do we ever have a form which acts here for which the associated group N is non-cyclic. We shall approach this with some generality.
Let k be a field of characteristic zero and let Krk be an extension of nd egree p for p an odd prime. Let K be the normal closure of Krk and
